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Canonical forms for matrices of Saletan contractions
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building 7, 2, Academician Glushkov Av., 03127 Kyiv, Ukraine,
E-mail: deviuss@gmail.com
We show that each Saletan (linear) contraction can be realized, up to change of bases of the initial
and the target Lie algebras, by a matrix-function that is completely defined by a partition of the
dimension of Fitting component of its value at the limit value of the contraction parameter. The
codimension of the Fitting component and this partition constitute the signature of the Saletan
contraction. We study Saletan contractions with Fitting component of maximal dimension and
trivial one-part partition. All contractions of such kind in dimension three are completely classified.
1 Introduction
Historically, the first extensively studied kind of contractions of Lie algebras, after Segal in-
troduced the general notion of contractions [25], was the class of Saletan (linear) contractions.
Contractions of Lie algebras became known as a tool of theoretical physics after the famous
papers by Ino¨nu¨ and Wigner [11, 12] on an important specific subclass of linear contractions.
Note that Ino¨nu¨ and Wigner planned to consider the whole class of linear contractions but they
erroneously claimed in [11] that any linear contraction is diagonalizable. Even though Ino¨nu¨
and Wigner corrected their considerations in the next paper [12], they proceeded to exclusively
study diagonalizable linear contractions, which due to their contribution are now called Ino¨nu¨–
Wigner contractions. The effectiveness of such contractions in applications is ensured by their
close connection to subalgebras of initial algebras. More precisely, in modern terms the main
result of [11], which is Theorem 1 at [11, p. 513], can be reformulated in the following way: Any
Ino¨nu¨–Wigner contraction of a Lie algebra g to a Lie algebra g0 is associated with a subalgebra
of g, say s, and starting with an arbitrary subalgebra of the algebra g one can construct an
Ino¨nu¨–Wigner contraction of this algebra. In the contracted algebra g0 there exists an Abelian
ideal i such that the factor-algebra g0/i is isomorphic to s.
A thorough study of linear contractions was conducted by Saletan in the course of preparation
of his doctoral thesis and was published in [24]. In particular, Saletan obtained a simplified form
for matrices of linear contractions up to reparametrization and basis change, derived a criterion
for a linear matrix-function to be a contraction matrix, and gave the expression for the Lie
bracket of the contracted Lie algebra. He also studied iterated linear contractions, related
characteristics of the contraction matrix with the subalgebraic structure of the initial algebra,
and discussed linear contractions of representations of Lie algebras.
Further studies by other authors extended rather than deepened Saletan’s results. Thus,
Ino¨nu¨–Wigner contractions of three- and four-dimensional Lie algebras were classified [6, 10] due
to the subalgebraic structure of these algebras being known [20]. Following Saletan, contractions
realized by matrix-functions of the generalized form Aε + Bεp, where A and B are constant
matrices and ε is the contraction parameter, were considered in a similar fashion [13, 15, 17].
Linear contractions of general algebraic structures were studied in [5].
In contrast to the above studies, this paper is aimed to enhance the original results by
Saletan. We find the canonical form of Saletan contraction matrices, which creates the basis
for introducing the notion of Saletan contraction’s signature, for developing an algorithm for
computation of Saletan contractions, and for posing new problems in this field.
1
The structure of the paper is the following: Basic notions and results on contractions and,
specifically, on Saletan contractions are presented in Section 2. The main result of the paper,
Theorem 1, which deals with the canonical form of Saletan contraction matrices, is proved in
Section 3. After defining the notion of Saletan signature, we relate the signature of a Saletan
contraction with the nested chain of subalgebras of the initial algebra that corresponds to this
contraction. In Section 4 we carry out a preliminary study of Saletan contractions associated
with chains of nested subalgebras of the maximal possible length, which coincides with the
algebra dimension. Then we exhaustively describe such contractions between three-dimensional
Lie algebras over the complex (resp. real) field. In the final section, we discuss obtained results
and propose new problems for the further investigation.
2 Basic notions and auxiliary results
Given a finite-dimensional vector space V over the field F = R or F = C, by Ln = Ln(F) we
denote the set of all possible Lie brackets on V , where n = dimV < ∞. Each element µ of Ln
corresponds to a Lie algebra with the underlying space V , g = (V, µ). Fixing a basis {e1, . . . , en}
of V leads to a bijection between Ln and the set of structure constant tensors
Cn = {(c
k
ij) ∈ F
n3 | ckij + c
k
ji = 0, c
i′
ijc
k′
i′k + c
i′
kic
k′
i′j + c
i′
jkc
k′
i′i = 0}.
The structure constant tensor (ckij) ∈ Cn associated with a Lie bracket µ ∈ Ln is given by the
formula µ(ei, ej) = c
k
ijek. Here and in what follows, the indices i, j, k, i
′, j′, k′, p and q run
from 1 to n and the summation convention over repeated indices is assumed. The right action
of the group GL(V ) on Ln, which is conventional for the physical literature, is defined as
(U · µ)(x, y) = U−1
(
µ(Ux,Uy)
)
∀U ∈ GL(V ),∀µ ∈ Ln,∀x, y ∈ V.
Definition 1. Given a Lie bracket µ ∈ Ln and a continuous matrix function U : (0, 1]→ GL(V ),
we construct the parameterized family of Lie brackets µε = µ ◦ Uε, ε ∈ (0, 1]. Each Lie algebra
gε = (V, µε) is isomorphic to g = (V, µ). If the limit
lim
ε→+0
µε(x, y) = lim
ε→+0
Uε
−1µ(Uεx,Uεy) =: µ0(x, y)
exists for any x, y ∈ V , then µ0 is a well-defined Lie bracket. The Lie algebra g0 = (V, µ0) is
called a one-parametric continuous contraction (or simply a contraction) of the Lie algebra g.
We call a limiting process that provides g0 from g with a matrix function a realization of the
contraction g→ g0.
The notion of contraction is extended to the case of an arbitrary algebraically closed field in
terms of orbit closures in the variety of Lie brackets, see, e.g., [1, 2, 3, 8, 14].
If a basis {e1, . . . , en} of V is fixed, then the operator Uε can be identified with its matrix
Uε ∈ GLn(F), which is denoted by the same symbol, and Definition 1 can be reformulated in
terms of structure constants. Let C = (ckij) be the tensor of structure constants of the algebra g
in the basis chosen. Then the tensor Cε = (c
k
ε,ij) of structure constants of the algebra gε in this
basis is the result of the action by the matrix Uε on the tensor C, Cε = C ◦ Uε. In term of
components this means that
ckε,ij = (Uε)
i′
i (Uε)
j′
j (Uε
−1)kk′c
k′
i′j′ .
Then Definition 1 is equivalent to that the limit
lim
ε→+0
ckε,ij =: c
k
0,ij
2
exists for all values of i, j and k and, therefore, ck
0,ij are components of the well-defined structure
constant tensor C0 of the Lie algebra g0. The parameter ε and the matrix-function Uε are called
a contraction parameter and a contraction matrix, respectively.
The following useful assertion is obvious.
Lemma 1. If the matrix Uε of a contraction g→ g0 is represented in the form Uε = UˆεUˇε, where
Uˆ and Uˇ are continuous functions from (0, 1] to GLn(F) and the function Uˇ has a limit Uˇ0 ∈
GLn(F) at ε→ +0, then UˆεUˇ0 also is a matrix of the contraction g→ g0.
Remark 1. Lemma 1 implies that Uˆε is a matrix of the equivalent contraction g → g˜0, where
g˜0 = (V, µ0 ◦ Uˇ
−1
0
) is the algebra isomorphic to g0 with respect to the matrix U
−1
0
.
Historically, the first contractions studied were the ones realized by linear matrix-functions.
Definition 2. A realization of a contraction with a matrix-function that is linear in the con-
traction parameter is called a Saletan (linear) contraction [24].
This class of contractions includes the Ino¨nu¨–Wigner contractions [11, 12, 24].
The matrix of any linear contraction has a well-defined limit at ε = 0. This is why in contrast
to the general definition of contractions, in the case of a linear contraction its matrix-function Uε
can be assumed to be defined on the closed interval [0, 1]. Then it is convenient to represent the
matrix Uε in the form Uε = (1− ε)U0 + εU1, where U0 and U1 are the values of Uε at ε = 0 and
ε = 1, respectively [24]. By the definition of contraction matrix, the matrix U1 is nonsingular,
and, for proper contractions, the matrix U0 is necessarily singular.
There exist specific reparametrizations that preserve the class of Saletan contractions [24].
Let Uε = B + εA be the matrix of a Saletan contraction. We fix λ > −1 and consider the
matrix-function Uε on the interval [0, (1 + λ)
−1] instead of [0, 1]. Then
B + εA = (1− λε)B + ε(A+ λB) = (1− λε)
(
B +
ε
1− λε
(A+ λB)
)
.
The multiplier (1−λε) is not essential since its limit at ε = 0 equals 1. Removing this multiplier
and denoting ε/(1− λε) by ε˜, we obtain the well-defined linear matrix-function
U˜ε˜ = B + ε˜(A+ λB), ε˜ ∈ [0, 1],
which realizes the same Saletan contraction as Uε.
3 Canonical forms of Saletan contraction matrices
We denote the m×m unit matrix by Em, and m×m Jordan block with an eigenvalue λ by Jmλ .
Theorem 1. Up replacing the algebras g and g0 with isomorphic ones, every Saletan contraction
g→ g0 is realized by a matrix of the canonical form
En0 ⊕ Jn1ε ⊕ · · · ⊕ J
ns
ε , or, equivalently, E
n0 ⊕ Jn1
0
⊕ · · · ⊕ Jns
0
+ εEn, (1)
where n0 + · · ·+ ns = n.
Proof. The initial steps of the proof follow [24]. As the contraction matrix Uε is linear in ε, it
admits the representation Uε = (1− ε)U0 + εU1, where U0 and U1 are the values of Uε at ε = 0
and ε = 1, respectively. Taking the algebra g1 = (V, µ1) instead of g as the initial algebra of
the contraction leads to the new matrix U1 = E
n. We restrict the range of the parameter ε to
[0, 1/2] and factor out the multiplier 1 − ε, which can be canceled due to Lemma 1 as it has
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limit 1 at ε = 0. We reparameterize the contraction matrix by introducing the new parameter
ε˜ = ε/(1 − ε), whose range is [0, 1], and we omit the tilde over ε. As a result, the contraction
matrix takes the form U0 + εE
n, which was derived in [24].
We carry out the Fitting decomposition of the space V relative to the operator U0. More
specifically, we partition the space V into the direct sum of subspaces V0 and V1, V = V1⊕V0 so
that the restriction W0 of the operator U0 on the Fitting null component V0 is nilpotent and the
restriction W1 of this operator on the Fitting one component V1 is nonsingular. The partition
of the space V induces the partition of the new operator Uε,
Uε = U0 + εE
n = (W1 + εE
n0)⊕ (W0 + εE
n−n0),
where n0 = dimV1 is the dimension of the Fitting one component relative to U0.
Consider the matrices Uˆε = E
n0 ⊕ (W0 + εE
n−n0) and Uˇε = (W1 + εE
n0) ⊕ En−n0 . The
representation Uε = UˆεUˇε satisfies the conditions of Lemma 1. Hence in view of Remark 1
Uˆε is a matrix of the equivalent contraction g1 → g˜0, where g˜0 = (V, µ0 ◦ Uˇ
−1
0
) is the algebra
isomorphic to g0 with respect to the matrix Uˇ
−1
0
.
Replacing the basis elements spanning the subspace V0, we can reduce the nilpotent matrixW0
to its Jordan form, which is Jn1
0
⊕· · ·⊕Jns
0
for some n1, . . . , ns with n1+· · ·+ns = dimV0 = n−n0.
Then the matrix W0 + εE
n−n0 takes its Jordan form Jn1ε ⊕ · · · ⊕ J
ns
ε , which is equivalent to
representing the contraction matrix Uˆε in the first canonical form.
In view of Lemma 1, instead of the matrix Uˆε we can consider the matrix E
n0 ⊕W0 + εE
n,
which differs from Uˆε by the right multiplier (1+ ε)E
n0 ⊕En−n0 with the unit matrix En as its
limit at ε = 0. Then the above basis change in V0 results in the second canonical form of the
linear contraction matrix Uε.
Definition 3. Theorem 1 means that any Saletan contraction can be realized by a matrix
of the form ASεB, where A and B are constant nonsingular matrices and the linear matrix-
function Sε is in the canonical form (1). Then the tuple (n0;n1, . . . , ns), where n1, . . . , ns
constitute a partition of the dimension n− n0 of the Fitting null component relative to U0 and
n0 ∈ {0, . . . , n}, is called the signature of this Saletan contraction.
Due to containing a partition of n− n0, the signature of a Saletan contraction is defined up
to permutation of its parts excluding the first one. Saletan contraction with signature (n) is
improper, i.e., the contracted algebra is isomorphic to the initial one. So, for a proper Saletan
contraction we necessarily have n0 < n. Ino¨nu¨–Wigner contractions are associated with Saletan
signatures of the form (n0; 1, . . . , 1). The Saletan signature (0; 1, . . . , 1) corresponds to the trivial
contraction to the Abelian algebra.
The necessary and sufficient condition for the algebra g to be contracted by the linear matrix-
function Uε [24] is
U20 [x, y]
0 − U0[U0x, y]
0 − U0[x,U0y]
0 + [U0x,U0y]
0 = 0 ∀x, y ∈ V. (2)
Here and in what follows [·, ·]0 and [·, ·]1 denote the projections of the Lie brackets [·, ·] on the
subspaces V0 and V1, respectively, which are not, in general, Lie brackets. Then the contracted
Lie bracket is defined by
[x, y]0 = W
−1
1
[U0x,U0y]
1 −W0[x, y]
0 + [U0x, y]
0 + [x,U0y]
0 ∀x, y ∈ V.
The use of the canonical form of Uε simplifies analysis of both the necessary and sufficient
conditions and properties of the contracted Lie bracket. In particular, then W−1
1
= En−n0 .
We would like to emphasize that changing the basis of the underlying space without applying
Lemma 1 can simplify the matrix W1 only to its Jordan form.
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Remark 2. If U0 is the value of the matrix of a well-defined Saletan contraction of the Lie
algebra g at ε = 0, then each power of U0 is the value of the matrix of another well-defined
Saletan contraction g at ε = 0. The image imU0 of U0 is a subalgebra of g. Combining the
above two claims, we have that for each m = 0, 1, 2, . . . the image sm := imU
m
0 of U
m
0 is also a
subalgebra of g, and sm = V1 if m > m0 := max(n1, . . . , ns) [24]. In other words, the matrix of
any Saletan contraction is associated with the chain of nested subalgebras
s0 := g ⊃ s1 ⊃ s2 ⊃ · · · ⊃ sm0 = V1.
The dimensions of these subalgebras are completely defined by the contraction signature,
dim sm = n− l1 − · · · − lm, m = 0, . . . ,m0, where lm := |{ni | ni > m, i = 1, . . . , s}|.
In particular, dim sm0 = n0. The above relation establishes necessary conditions of consistency
between the structure of a Lie algebra and signatures of its Saletan contractions.
Example 1. Consider the real three-dimensional orthogonal algebra so(3) with the canonical
commutation relations [e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2. The algebra so(3) has no two-
dimensional subalgebras. Therefore, the only possible signature of a proper Saletan contraction
of so(3) is (1, 1, 1). The first canonical form of the contraction matrix with this signature
is E1 ⊕ J1ε ⊕ J
1
ε , which realizes the single Ino¨nu¨–Wigner contraction of so(3), which is to the
Euclidean algebra e(2) defined by the nonzero commutation relations [e1, e3] = −e2, [e2, e3] = e1.
This implies that the other proper contraction of so(3), which is to the Heisenberg algebra h(1)
with the nonzero commutation relations [e2, e3] = e1, cannot be realized as a Saletan contraction,
cf. [24].
4 Saletan contractions with signature (0;n)
There are two different ways of studying Saletan contractions. Given a fixed pair of Lie algebras,
one can check whether there exists a Saletan contraction between these algebras and then try to
describe all possible Saletan contractions for this pair. The other way is to describe all possible
contractions which are realized by contraction matrices with certain signature. A disadvantage
of this way is the necessity of classifying Lie algebras that satisfy specific constraints.
In this section we consider contractions with the signature (0;n). Choosing this signature
poses the most restrictive constraints on the structure of the initial Lie algebra g compared to
other Saletan signatures, cf. Eq. (2). In particular, the algebra g should contain a nested chain
of n nonzero Lie subalgebras, and, in general, this condition on g is not sufficient.1
For the signature (0;n) we have V0 = V and we can set
U0 = J
n
0 .
Then [·, ·]0 = [·, ·] and the Saletan condition (2) takes the form
[U0x,U0y]− U0[U0x, y] = U0([x,U0y]− U0[x, y]) ∀x, y ∈ V.
or, equivalently, [[adU0x, U0]] = U0[[adx, U0]] for any x ∈ V . Here and in what follows, [[A,B]]
denotes the commutator of operators A and B, [[A,B]] := AB−BA. Specifying this condition for
basis elements, for which U0 = J
n
0 , we derive [[adei , U0]] = U0[[adei+1 , U0]] = · · · = U
n−i
0
[[aden , U0]],
i.e.,
[[adei , U0]] = U
n−i
0
[[A,U0]], (3)
1This strongly differs from the case of Ino¨nu¨–Wigner contractions, for which there exists a one-to-one corre-
spondence with proper subalgebras of g.
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where we use the notation A = (aij) := aden . For each fixed i, the equation (3) can be considered
as inhomogeneous linear system of algebraic equations with respect to entries of the matrix adei .
A particular solution of this system is given by Un−i
0
A, since [[Uk0A,U0]] = U
k
0AU0 − U
k+1
0
A =
Uk0 [[A,U0]]. The solution space of the corresponding homogeneous system [[adei , U0]] = 0 coincides
with the space of matrices commuting with U0, which is spanned by the powers of U0 due to U0
being a single Jordan block. Therefore, the general solution of the system (3) is
adei = U
n−i
0
A+ bijU
n−j
0
with parameters bij, where bnj = 0 as aden = A by definition and ain = 0 as Aen = [en, en] = 0.
Recall that we assume the summation convention over repeated indices. The Lie bracket is
skew-symmetric, which implies
[ei, en] + [en, ei] = adeien + adenei = bijej + ajiej = 0,
i.e., bij + aji = 0. In other words, the commutation relations of the algebra g are
[ei, ej ] = adeiej = U
n−i
0
Aej − akiU
n−k
0
ej = akjek+i−n − akiek+j−n
= (ap+n−i,j − ap+n−j,i)ep. (4)
Here and in what follows, if an index goes beyond the index interval {1, . . . , n}, then the cor-
responding object is assumed zero. Thus, in view of (4) the skew-symmetric property of the
Lie bracket obviously holds for any pair of elements of g. Note that the number of essential
parameters in the above commutation relations does not exceed n(n − 1). The Jacobi identity
imposes more constraints in the form of a system of quadratic equations with respect to entries
of the matrix A,
(ap+n−i,j − ap+n−j,i)(aq+n−k,p − aq+n−p,k) +
(ap+n−j,k − ap+n−k,j)(aq+n−i,p − aq+n−p,i) +
(ap+n−k,i − ap+n−i,k)(aq+n−j,p − aq+n−p,j) = 0.
Unfortunately, we were not able to solve this system for an arbitrary dimension of the underlying
space.
The contracted Lie bracket is defined by [x, y]0 = [U0x, y]+ [x,U0y]−U0[x, y] for all x, y ∈ V .
Hence, the commutation relations of the contracted algebra g0 are
[ei, ej ]0 = [ei−1, ej ] + [ei, ej−1]− U0[ei, ej ]
= (ap+n−i+1,j − ap+n−j,i−1)ep + (ap+n−i,j−1 − ap+n−j+1,i)ep
− (ap+n−i,j − ap+n−j,i)ep−1
= (ap+n−i,j−1 − ap+n−j,i−1)ep,
In particular, [en, ej ]0 = (ap,j−1 − ap+n−j,n−1)ep. Consider the matrix A0 = (a0,ij), where
a0,ij = ai,j−1 − ai+n−j,n−1. In terms of A and J
n
0 we have the representation
A0 = AJ
n
0 −
n−1∑
i=0
an−i,n−1(J
n
0 )
i.
Roughly speaking, the matrix A0 is obtained from the matrix A by shifting the columns of A
to the right, filling of the first column by zeros and subtracting a specific linear combination of
powers of Jn0 that gives zeros in the last column of A0. The structure of the algebra g0 is defined
in terms of the matrix A0 in the same way as the structure of the algebra g is defined in terms
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of the matrix A since ap+n−i,j−1 − ap+n−j,i−1 = a0,p+n−i,j − a0,p+n−j,i. This is consistent with
Lemma 3 of [24]. Indeed, as the algebra g0 can be contracted by the same matrix U = J
n
ε , its
structure constants satisfy the same constraints imposed by the Saletan conditions (2). Lemma 3
of [24] also implies that n iterations of this contraction leads to the Abelian algebra.
We exhaustively study the case n = 3. There are three essential relations among the com-
mutation relations (4) with n = 3,
[e3, e1] = ap1ep,
[e3, e2] = ap2ep,
[e1, e2] = (a32 − a21)e1 − a31e2,
and the single Jacobi identity [e1, [e2, e3]] + [e2, [e3, e1]] + [e3, [e1, e2]] = 0. Collecting coefficients
of basis elements in the Jacobi identity and making additional arrangements, we obtain the
following system of equations on entries of the matrix A:
a31a21 = 0, a31a12 = 0, a31(a11 − a22) = 0, a21(2a32 − a21) = 0,
a32(a11 − a22) + a12a22 = 0.
(5)
A consequence of the system is a21(a11 + a22) = 0.
In order to simplify the form of the matrix A, we can use the transition to a Lie algebra
isomorphic to g or, equivalently, changing the basis of the underlying space. In view of problem’s
statement, admitted basis changes are those whose matrices commute with the matrix U0 = J
n
0 .
Therefore, each of such matrices is a linear combination of powers of U0,
S = γ(E + αU0 + βU
2
0 ),
where α, β and γ are arbitrary constants with γ 6= 0 and E is the 3 × 3 identity matrix. The
inverse of S is
S−1 = γ−1(E − αU0 + (α
2 − β)U20 ).
The expressions for entries of the transformed matrix A˜ follow from those for the transformed
Lie brackets [e3, e1]
∼ and [e3, e2]
∼. We have
[e3, e1]
∼ = S−1[Se3, Se1] = γ(a11 − αa32 − βa31)e1 + γa21e2 + γa31e3,
[e3, e2]
∼ = S−1[Se3, Se2] = γ(a12 + α(a11 − a22)− βa21)e1
+ γ(a22 + α(a21 − a32)− βa31)e2 + γ(a32 + αa31)e3,
i.e.,
a˜11 = γ(a11 − αa32 − βa31), a˜12 = γ(a12 + α(a11 − a22)− βa21),
a˜21 = γa21, a˜22 = γ(a22 + α(a21 − a32)− βa31),
a˜31 = γa31, a˜32 = γ(a32 + αa31),
The contracted algebra g0 is defined by the commutation relations
[e3, e1]0 = −a32e1,
[e3, e2]0 = (a11 − a22)e1 + (a21 − a32)e2 + a31e3,
[e1, e2]0 = a31e1,
We study possible cases of the solutions of the system (5) up to allowed basis changes.
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If a31 6= 0, then the system (5) implies that a21 = a12 = 0 and a11 = a22. Selecting
certain values of the parameters α, β, and γ of the basis transformation, we can set a32 = 0,
a11 = a22 = 0 and a31 = −1. In other words, the commutation relations of the algebra g take
the form [e1, e2] = e2, [e1, e3] = e3 and [e2, e3] = 0. Hence the basis elements e2 and e3 span
the maximal Abelian ideal of the algebra g, and the element e1 acts on this ideal as the identity
operator, i.e. the algebra g is the almost Abelian algebra associated with the identity operator,
which is denoted by g3.3 in Mubarakzyanov’s classification of three-dimensional Lie algebras [18].
In contrast to Example 1, in what follows we mostly use Mubarakzyanov’s notations.2 For the
contracted algebra g0, the commutation relations are: [e3, e1]0 = 0, [e2, e3]0 = e3, [e2, e1]0 = e1.
Therefore, this algebra is isomorphic to the initial algebra g. An isomorphism is established by
a permutation of the basis elements. This means that the contraction is improper.
Suppose that a31 = 0 and a21 6= 0. The solution of the system (5) gives a32 =
1
2
a21,
a21 = −a11, a22 = −a11 and (a21−a12)a11 = 0. The constants a11, a22, a12 and a21 can be set to
0, 0, 0, and −2, respectively, by changing the basis with an appropriate matrix S. As a result,
we obtain the canonical commutation relations of the algebra sl(2,R), [e1, e2] = e1, [e2, e3] = e3,
[e1, e3] = 2e2. The contracted algebra g0 is isomorphic to the algebra g3.3, which can be seen
from its commutation relations, [e1, e2]0 = 0, [e2, e3]0 = e2, [e1, e3]0 = e1.
In the case a31 = a21 = 0 and a32 6= 0 the system (5) is reduced to the single equation
a32(a11 − a22) + a12a22 = 0. Carrying out an admitted basis transformation, we select certain
values of the parameters α and γ of the transformation matrix S in order to set a22 = 0
and a32 = −1. Then the above equation implies that a11 = 0. Finally, the commutation
relations of g take the form [e1, e3] = 0, [e2, e3] = e3 − a12e1, [e2, e1] = e1, i.e., g is an almost
Abelian algebra associated with the matrix(
1 −a12
0 1
)
.
The contracted algebra has the same commutation relations as in the previous case, g0 ∼ g3.3.
If a12 = 0, then the contraction g→ g0 is improper since g ∼ g3.3. For a12 6= 0, the contraction
is equivalent to the unit fall3 the matrix associated with the algebra g ∼ g3.2, and the resulting
matrix defines the algebra g0 ∼ g3.3.
The last case is given by a31 = a21 = a32 = 0. The single equation remaining in the
system (5) is a12a22 = 0. The commutation relations of the initial and the contracted algebras
are respectively
[e3, e1] = a11e1, [e3, e1]0 = 0,
[e3, e2] = a12e1 + a22e2, [e3, e2]0 = (a11 − a22)e1,
[e1, e2] = 0, [e1, e2]0 = 0.
Consider subcases depending on values of the remaining parameters. If a11 6= a22, then by
selecting a proper value of α in the transformation matrix S we can set a12 = 0. The parameter β
is not essential here, and we can choose the zero value for it. The parameter γ can be used for
scaling a nonzero linear combination of a11 and a22 (e.g., a11−a22) to the unity. As a result, we
have the contraction of the almost Abelian algebra g = g3.4 associated with the diagonal (but not
proportional to the identity matrix) matrix to the three-dimensional Heisenberg algebra h(1) =
g3.1. If a11 = a22, the contracted algebra is Abelian, i.e., we have the trivial contraction of an
almost Abelian Lie algebra (one of g3.1, g3.2, g3.3 and 3g1, depending on values of a11 = a22
and a12).
2The classical Lie algebras h(1), e(2), sl(2,R) and so(3) are denoted by Mubarakzyanov as g3.1, g
0
3.5, g3.6 and
g3.7, respectively.
3In the case of 2× 2 Jordan blocks, the only possible unit fall is the replacement of the value 1 in the (1, 2)th
entry by 0.
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Proposition 1. Saletan contractions with the signature (0; 3) realize only the following contrac-
tions between three-dimensional Lie algebras: the proper contractions sl(2,R)→ g3.3, g3.2 → g3.3,
g3.4 → g3.1, and g2.1 ⊕ g1 → g3.3, the trivial contractions of g3.1, g3.2 and g3.3 to 3g1, as well as
the improper contractions g3.3 → g3.3 and 3g1 → 3g1.
5 Conclusion
The main result of the paper is Theorem 1, which describes the canonical form of Saletan
contractions. The proved existence of the canonical form for each Saletan contraction gives
a specific finite tuple of non-negative integers which corresponds to this contraction and is
called its signature. The signature of a Saletan contraction completely defines its canonical
form. Introducing the notion of signature leads to posing several interesting problems, which
are related to Saletan contractions.
Thus, for each Lie algebra the set of its possible Saletan contractions is partitioned into the
subsets corresponding to different Saletan signatures. This allows us to pose the problem on
describing Saletan contractions with a fixed signature. The well-known Ino¨nu¨–Wigner contrac-
tions constitute a subclass of Saletan contractions, which is singled out by Saletan signatures
of the form (n0; 1, . . . , 1). Therefore, the study of Saletan contractions includes, as its simplest
part, the study of Ino¨nu¨–Wigner contractions. Ino¨nu¨–Wigner contractions of three- and four-
dimensional Lie algebras were exhaustively classified in [6] and [10], respectively. The Saletan
contractions with other signatures do not have a connection with algebraic structure of initial
and contracted algebras as direct as Ino¨nu¨–Wigner contractions do. This is why the description
of general Saletan contractions is a much more difficult problem.
Given a Lie algebra, another problem is finding the tuples of non-negative integers that can
be signatures of Saletan contractions of this algebra. As shown in Remark 2, powers of the
value of Saletan matrix at limit value of the contraction parameter form a nested chain of
subalgebras of the initial algebra and signature components are expressed in the terms of the
dimensions of these subalgebras. This claim relates the signatures to the subalgebraic structure
of the initial algebra. At the same time, the presence of a nested chain of subalgebras does not
imply the existence of the Saletan contraction associated with this chain. Additional constraints
that admit no clear algebraic interpretation should be taken into account. Furthermore, even
provided that a corresponding contraction exists, there is no known procedure to construct
this contraction from the chain of subalgebras. This significantly differs from Ino¨nu¨–Wigner
contractions since there exists an algorithm to construct a well-defined Ino¨nu¨–Wigner contraction
starting from any subalgebra of the initial algebra. The study of Saletan signatures resembles
the study of signatures of generalized Ino¨nu¨–Wigner contractions [7, 9, 16, 21, 22]. Recall that
the signature components of a generalized Ino¨nu¨–Wigner contraction are diagonal entries of a
diagonal differentiation of the algebra to be contracted, but the converse is not true.
The notion of Saletan signature may serve as a basis for an algorithm of exhaustive classifica-
tion of Saletan contractions, at least in the case of lowest dimensions. It is known [4, 19, 22, 26]
that all contractions between three-dimensional complex (resp. real) Lie algebras (except the
only contraction so(3)→ h(1) in the real case) are realized by usual Ino¨nu¨–Wigner contractions.
The contraction so(3)→ h(1) is realized as a generalized Ino¨nu¨–Wigner contraction, but not as
a Saletan one. In dimension four, the number of contractions that cannot be realized as usual
Ino¨nu¨–Wigner contractions increases crucially. Moreover, there is one (resp. two) contraction
between four-dimensional complex (resp. real) Lie algebras that cannot be realized as generalized
Ino¨nu¨–Wigner contractions. Thus, the question whether these contractions can be realized as
Saletan contractions is the most interesting problem on Saletan contractions of four-dimensional
Lie algebras.
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